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This work focuses on providing intuitive representations and
analogies to facilitate the assimilation of specific Quantum
Computing. and Artificialr Neural Networks = (ANN)
concepts by students and other interested individuals. First,
the classical artificial neuron Is discussed along with its
limitations: to linearly separable problems. Various multi-
dimensional Intuitive representations are considered for a
petter understanding of the Multi-Layer Perceptron (MLP)
and the corresponding Backpropagation training algorithm.
The main Quantum Computing concepts are discussed In
relation to the “Semaphores Analogy” and the Bloch
Sphere. A single-gubit neural circuit for @ solving
Exclusive-Or (XOR) Is also presented (Grossu - 2020).
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Introduction
Multi-Dimensional Spaces

Cartesian Product: considering two sets, A and B: , (x, )
y DISTANCE (C) .-
AXB={(X,Y)|X€EA, YE€B} (i S,)* A=Y, =Y,
(%, v,) ,/ :
Plane: R?=R X R => (X, ) " ""‘"B'_';('_')'(";
= Distance: Pythagoras =BILE.
d(A,B) = (X, — X1)? + (Y, — )2 X, I X,
: . : . : : c? = A% + B?
= Circle: all equidistant points with respect to a fixed point
= Lineiax+by+c=0
\j"iz +_}2 +Z
3D Space: R3=R XR X R =>(x, V, z) '
= Distance: Pythagoras applied 2 times
#
d(A,B) = (X = X1)2 + (Y, = Y))? + (Z, — Z1)? /
= Sphere: all equidistant points with respect to a fixed point z —
= Planeiax +by +cz+d=0 ity




Introduction
Multi-Dimensional Spaces

* R'=RXRX...XR=>(X{, Xy, .., X))
= Distance: Generalized Pythagoras

dAB) = | (i = Xp)?
i=1

= Hyper-Sphere: All equidistant points with respect to a fixed point
= Hyper-Plane: n
ag + aiXi =0
%

« C'=CXCX..XC=>(z,12,..,2,)

7 LY

Hyper-Tetrahedron



Introduction
Fuzzy Logic Basics

Characteristic function of a classical set:

1,
fa(x) =
0, X&A

X€eEA

Classical Point - the set containing the point y:

1, x=y
fr(X) = , yEeX
0, x+y
Distance:
d(y, z)

Fuzzy Set F => a pair (X, f)
= Xis a classical set (the universe of F)

= f:X->[0,1] - the characteristic function of F

Fuzzy Point - the set containing the pointy in
proportion a:

a, x=y

0, x+y

a€[01], yeX

Distance for fuzzy points:

d(f4 f2) = min(a, b) x d(y, 2)

fang(X) = min(f, (X), fp(X))
faup(X) = max(f4(X), fp(X))



Introduction
Fuzzy Logic - Example
For 256 shades of gray images, one could consider black points (0) are 100% part of the fuzzy set,

while white points (255) are not contributing to the information of interest [2]. The membership degree
of all other pixels will be obtained by linear interpolation.

Hyper-Fractal Analysis v04 - [ Image File - Craquelure.Original. bmp]
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Introduction
Artificial Neural Networks (ANN) Overview

Inspired by Natural Neural Networks
As opposed to a classical approach, does not implement a model but detect it from data
Are able to “learn” f : R" --> R™ functions
Are able to provide the expected output even for noisy/incomplete information
Learning paradigms
» Associator: e.g. Bidirectional Associative Memories (BAM)
» Classificator: e.g. Multi-Layer Perceptron (MLP), Kohonen
= Other
Training paradigms
» Supervised: the expected output is known for a set of input vectors (training set)
= Unsupervised: the expected output and the number of classes is not known
=  Semi supervised learning (a mix between the previous two)

[ X1 ] Y1
X2 Y2
| Xn | Vm ]




Artificial Neuron
The Mc-Culloch & Pitts Model

Neuron model (McCulloch - logician & Pitts — neurobiologist, 1943)
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Artificial Neuron
Graphical Interpretation and Examples

2D: the neuron is “splitting” the space in two half-planes (classes)

xXiw1 +x,w, +t=0= X1

(0]
W4 t
x2:__x1__:ax1+b W2

Wy Wy %

Example: One could use a 2D neuron for “learning” the OR function:

OR

Rlr|lOo|lO| X
Rrlolr|lo|<
Rl ]|O

Interesting: We get the expected output even for points around the training set e.g. (0.1, 0.05)
Generalization: in an nD space the separation set is a hyper-plane



Artificial Neuron
The Sigmoid Activation Function

One could replace the threshold t with an additional virtual input, which value is always one:
. Thus, during the training process the threshold could be adjusted together with the weights

V=)= O wixi+0 = fO wix) Xy

1, X=0 B — . f
Step ! = ‘

Activation Function f(x)

Xn+1 =1, Wpy =1t

One could consider a sigmoid activation function (either unipolar => values in [0,1] or bipolar [-1,1]):
. Differentiable — important, for example, in implementing gradient descent training algorithms
. Continuous — important in implementing fuzzy logic

Activation Function 1+ e XX’

X
Sigmoid FX) = 1 K>0 ’ \AQ _>Y




INPUT
VECTOR

Artificial Neuron
Matrix Representation

ACTIVATION FUNCTION

\ Y OUTPUT
5 s [Y=f©) = Fm xv)

ACTIVATION S = XT xV

WEIGHTS




Artificial Neural Networks

Neuron Limitations

XOR: is not a linearly separable problem => Cannot be solved with a single neuron

XOR

R |lRr|]O|O| X

R l|lO|rR,r|O|X
Ol |, ]|O

X2

Example 1. ANN for XOR

Example 2: MLP for XOR




Artificial Neural Networks
The Connectionist Paradigm

ANN Topology

Classification by ANN connectivity
» Completely interconnected (e.g. Hopfield)

= Locally connected (e.g. MLP) Y
_.-"",\"4\/’ ]
¢
Classification by ANN data propagation %’
= Feed-Forward f\é”" :
| Feed_BaCk (recurrent) . | X @ Input layer Hidden layer Output layer
Hopfield Feed-Forward Feed-Back

Training paradigms

Supervised learning: the desired output is known for a set of input vectors => training set

» Example: gradient descent methods (e.g. Back Propagation): based on minimizing the error seen
as a function of all ANN weights

Unsupervised learning (e.g. Kohonen): the output and the number of classes are not known

= Hebb’s learning principle: the synaptic weight between i & j is increased whenever the neurons
are simultaneously stimulated: Awj; = cy;y; or Awy = cS(y;)S(y;), where c is the learning rate, y
the activation, and S the activation function

= Competitive learning: more neurons are participating to the privilege of modifying their weights.
e.g. Winner-take-all => for each input, select the winner (the neuron with maximum activation)
and adjust only its weights

Semi-Supervised:
=  Mix: unsupervised + provide some labeled data



The Multi-Layer Perceptron
Example

Example: considering the vector (v,,..., v,) with the
most significant frequencies (peak_s% of a voice
spectrum, our intend is to distinguish between male and

female voices:
0, male &

fw) = E o

1, female 5

The 2 classes correspond to a set of hyper-clusters in
the multi-dimensional space of frequencies.

For simplicity, we’ll consider only two frequencies (n=2):
v, (1)

Hypothetical data, used only for exemplification

Red & blue circles => the training set e
I N
! Female .
“.O Contralto N
- —;. . O
PO AN
. Oy O “,

v O Male © Aol
O _éi O. O (O Countertenor ‘=Q Q
e © ) e
Tenor O" |

100

Female vs male spakers

200

vy(Hz)

Frequency (Hz)

v

300

400



The Multi-Layer Perceptron
Graphical Interpretation

Intuitive representation:

The “zero” layer: only a signal transmitter
(number of neurons = number of input values)

The first hidden layer: could be related to the
plolygons edges which will approximate each
cluster

= Convolutional Neural Networks: When
the dimension of the input space is high
(e.g. in image analysis 100x100 pixels =>
10,000 dendrites per neuron), in order to
avoid the difficulties involved by training an
ANN with a huge number of weights, one
could consider partially interconnecting the
first layer (biology inspired model). For
example, splitting the image in regions of
5x5 pixels, with shared edges, will result
in only 25 dendrites per neuron.

The second hidden layer: might act as a set of
AND operators (INTERSECTION) in order to
define each polygon (cluster approximation)

The output layer: may act as OR operators
(UNION) in order to define each class as a set
of all corresponding clusters

v, (Hz)

Hypothetical data, used only for exemplification
Red & blue circles => the training set

vy(Hz)




Backpropagation
Basic Concepts - Distance

2D Pythagoras: y (X,» ;)
! DISTANCE (C) .- .
d(4,B) = (X; — X1)? + (Y, — V1)? i o | E,)' A=Y, =Y,
Rt :
Vijmm e @ mm == m——— .
B-= %=X
I
0 5 ’ 1;0 ! 15
X1 | X2
c? = A% + B?
3D Pythagoras 2 times:

d(A,B) = (Xy — X2+ (Y, — V1)? + (Z, — Z3)?

Generalization:

n

d(AB) = | My = Xp)?

i=1




Backpropagation
Basic Concepts - Gradient

Derivative: the “velocity” with respect to a
variable (time, space, temperature etc.) |

f'(x) = 11 ) o Af (x) = AX f'(x)

()Ax

fX+R) |- m oo

secant line

Gradient of a scalar f : a vector indicating the
direction on which f raises most quickly

v — (af of 6f> fx) e i

ox;  0x; "’ 0xp,




Backpropagation
Basic Concepts

Supervised Learning:

Training Set = {(x,,d;) (X,,d,)... (X,,d,)}
> X is the input (“labeled information”)
> d; is the desired, known output

Gradient Descent Methods:

vE+l = pK — (v = vK — ¢

The main goal is minimizing a criteria function J (the classification error). One could consider the
square distance between the output and the expected value:

J(k) = zn: efy = zn: d*(o;, d)k = i(oi —d)k
i=1 i=1 i=1

The ANN weights vector (v) is adjusted proportionally with the anti-gradient of J
» Jis afunction of all neurons weights
» cis the “learning rate” (which could be variable)

] (v)
v

V=7

~7-50



Backpropagation
Algorithm Description

Backpropagation — all computation details are available in [1] (p.192-227).

Choose the learning rate c in (0,1), a target error, and a maximum number of
iterations

Initialize the weight matrix (random small values)
While the perceptron is not trained and the number of iterations < Max

* For each vector (x,d) in the training set (d => desired value)
«  Compute the hidden layer activation

hq = Z xiviq

n
=1
«  Compute the hidden layer output

g = SZ; (hq)

«  Compute the output layer activation

Vi = Z iqVq)
q
«  Compute the ANN output

oj =S (v;)



Backpropagation
Algorithm Description

«  Compute the output “error signal”

«  Compute the hidden “error signal” &; =
«  Adjust the output layer weights
« Adjust the hidden layer weights Vig

« If E <=target error, the neuron is trained

. E=0 s
E= EZ(d,- — 0))?
=1

Remarks:

The training set is presented to ANN multiple times

The algorithm requires differentiable activation
functions

For minimizing the risk of getting stuck into a local
minimum one could use various methods (e.g.
variable learning rate, simulated annealing, “weights
shaking” etc.).

+=cx; 60

ooooo
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Qubit

As opposed to classical bit, one qubit has both 0 and 1 values at the same time, which is quite
counter intuitive (e.g. a sphere spinning in both directions at the same time).

A qubit could be represented as a unit vector in C2:

Y=qaql0> +B|1> |a|*?+]|]*°=1

+
~| =
|
IES

In Introduction to Quantum Computing [6], it was presented the “Semaphores ANALOGY”

* Qubit => semaphore which randomly switches from red to green and back with probabilities:
r (for red), and g (for green) :r+g=1 | ||

 AVG=>r
 AVG=>g

TIME —

* Supposing the semaphore switches fast enough from one color to another, the eye will “see” the
average. Thus, one will perceive it is both red and green at the same time, but with different
intensities:

18l n-=[le

* Remark on Schrodinger’s cat. A cat could switch its status from alive to dead, but the opposite way
is usually difficult to imagine.

0= |




Quantum Register

* In the frame of the same “semaphores
analogy”, one could consider two
independent semaphores, randomly

switching, enough fast, from red to green _ (1] o [1]
and back, with the corresponding Prr = 1172, 0 X 0
probabilities: - -Y
(1] (07
rg = "92 X
(ry, 91),and (r;, g,) Prog = 1192 0] < L1
_ 0] 1]
* The probabilities of compound states could  p,. = g172, X
be obtained by multiplication of individual 1 10
probabilities: . )
Py =919 || ®]

E 3 * E3 E3
ry " ry ;743 91 " 9; 7 9,

* One could use the Kronecker product:

-r [7”2]' Re R |
1 21 ['1192]] |92 |
91] ® [gzl B [7”2] 1 9172

_gl 9> ] _9192_ | | | |

riry + 1192 + g1r2 + 9192 =(r1 + g1) (r2 + g2) = 1 TIME >




Quantum Entanglement

Considering two qubits in the following state:

C10,0>+1,1>
- V2

P >

Which is the state of each qubit in this case?

W >=(al0>+b|1>)R(c|]0>+d|1>)= lg] X lccl] (Kronecker product)

ac1 [1/V2

ad| | 0 .
= bel = 0 no solution!

bdl  [1/4/2

In  “semaphores analogy”, one could consider two
“synchronized semaphores” with: r, =g, = 0.5, and r, = g, =
0.5

As the two semaphores are not independent, it is not possible
any more to obtain the compound states probabilities by
multiplying individual probabilities.




Unitary Operators & Measurement

* Unitary Operator: in “semaphores analo%y”, is a “device” (which has also an
associated matrix) capable of changing the “red/green” probabilities of one

guantum register:
@ @

. r+g=>r'+qg’'=1 O

* A quantum logic gate (or simply quantum gate) is a unitary operator, operating on a
small number of qubits.

= Unlike many classical logic gates, quantum gates are reversible.

. Quanltum algorithm: a prescription of a sequence of unitary operators applied to an
initial state:

¥, >=U,..Ui|¥P; >

 Measurement: in “semaphores analogy”, is a “switch” used for stopping some or all
semaphores from oscillating. The semaphores will “freeze” in a single state. Thus,
considering a singe qubit, one will find either red (with probability r) or green (with
probability g).

. Bor B




The Bloch Circle
Qubit: W = al0> +B|1>, |al?+|p|1?=1

* Without limiting generality, one can consider:

0 .0 6 . 50
W =cos-|0 >+ sinz|1>,as c0525+ Sln25= 1

« Why 6/27?

= |t is more convenient from a graphical point of view:

0>+ 1>

|+> =%

cos§|0 > + sin§|1 >
|->
* Why using the OZ axis?

= As we'll see later, the qubit could be represented, in
fact, on a sphere with polar coordinates: r=1, 0, ¢

+>



Examples of single qubit Gates

Reset: |0> not a gate but an irreversible operation

Pauli X = NOT = (1’ (1) =5 ‘1) (1)”2‘]:[5(]

X|0>=1]1> X|1>=[0>

\+>

1 1 \->
Hadamard: H _ﬁll _1]
\1>
H|0>—|O>+|l>—|+> Hl1>_|0>—|1>_|_>
— N — — N —

Rotations around the 3 axes: Rx, Ry, Rz

Regarding other logic gates, consult IBM Quantum Learning [5].



Examples of single qubit Gates

How to obtain any desired state? n------ DN X OOCDOEOEEERE o | cwdr

]
) o a
For example, by rotations: J— .
Ry(Pi/6) =>6/2 = Pi/12 => 0.965|0> + 0.258| 1> => 7
p(0) = 0.9652% = 93.3%, p(1) = 0.258% = 6.7%
NOT e o

X(a|0>+ B|1>) = Ry(Pi-20)W = Rx(Pi)W = 3|0> + a|
cos(x) = sin(Pi/2-x)

0'=Pi-0=>

cos(6’/2) = cos(Pi/2- 6/2) =sin(6/2) =B

sin(0’/2) = sin(Pi/2- ©/2) = cos(6/2) = a

| 0>

Pi— =0+ (Pi- 20)
NOT W

|1>




Superposition or Statistical Mix?

Both 0 and 1 or randomly chained series of 0 and 1?

Let’s take the |+> = H| 0> state. Considering the measurement limitations,
if each qubit would have been either 0 or 1, with 50% probability, the
measurement results would be the same..

[0] [1] [0] [0] [1] [0] [2] [1] [1] [0] [1] [2] [0] [0] | [01] [01] [01] [01] [01] [01] [01] [01] [01] [01] N
If one qubit would have been either o
0 or 1, with equal probabilities: Each qubit is both 0 and 1 \0”

— Ry gate would be applied, | = Rygate is applied to the |+>
successively, to either |0> or|1> vector \¥?

Ry(Pi/2)]|0> = |+> Ry(Pi/2)|+>=|1> \7

Ry(Pi/2)|1> = |->

Measurement: p(0) = p(1) = 0.5 Measurement: p(0) =0, p(1) =1 \\7
THEORY => . T QUANTUM COMPUTER => |t trgomiss g s0n0528 P

Run details

ibmg_16_melbourne fairshare 2000 compieTED am2a3s Aug 20, 2020 5:41PM




The Bloch Sphere

Qubit: ¥ = a|0 > +B|1>, |a|*?+|B]*=1

o and B could be separated also by a phase
difference (wave functions)

* One could consider a circle for each 8 => The Bloch
Sphere

* Using complex numbers is convenient in this case:
0 .0
Y = cosz|0 > +e'? szll >

e'? =cos@ +ising

2
. 7] 0 0, .
|¥|? = |cos=| + e“”sinE = c0525+sin2§|e“”|2
20 0 2 ;2
= cos §+sm E(cos @ + sin“p)
7 0
2 2
=cos“=+sin“==1
2 2

Amplitude

0.5}

05}

45°
phase

differente

100

200

11}




Examples of two-qubits Gates
Let’s test the Kronecker product
Pi/3 => cos(Pi/6)|0> + sin(Pi/6)| 1> = 0.86|0> + 0.5| 1>
=>p(0) = 0.86%2=0.75, p(1) =0.52=0.25
Pi/4 => cos(Pi/8)|0> + sin(Pi/8)|1>=0.92|0> + 0.38| 1>
=> p(0) = 0.922 = 0.85, p(1) = 0.382=0.14

| 0>

0.6401
0.2133

0.1098
0.0366

0.8535
0.1464

SERRAE

[ Circuits / Untitled circuit save

B8 B H H S EE E 6 EE o
12 12 D

o B
- H
qz

e

)))))))))

Computational basis states

<[> Code B D B
Code editor (o] Quantum Lab
:
1 from qiskit t QuantumRegist
ClassicalRe: gister, QuantumCircuit
2 from numpy import pi
3
4 reg_q = Q Registexr(3 )
5 cregc = alRegister( )
ircuit = Q Circuit(qreg
reg_c)
cuit.ry(pi/3, g_glel)
uit.ry(pi/4, 2 ql1])
t sure(qreg_qle] eg_c[0])
ure(qreg_q[1] reg_c[1])




Quantum Entanglement — Tests

1. H (Hadamard) =>

2. CNOT (Conditional Not) =>

0> + 1>

V2

¥ > (diagonal state)

[0,0> + |1,1>

NG Bell State

¥ > =

The deviation from the expected result could be considered a quantum

computer precision test

Similarly, one could obtain:

_ 101>+ (1,0>

¥ > =

V2

I 3 SRS e X BB 0 ¢ cosecair pen i uaremtzs| | Rundetals
[ I I 2 D
Qiskit Read only Backend Run mode

. By
6 &

2
c3 ¥ Y
[ 1
Measurement Probabilities 6)

o
2

o
2
I

Computational basis states

0 10 20 30 40 50 60 70 80 90 100
Measurement probability (%)

ibmg_burlington fairshare
1 from giskit import QuantumRegister,

ClassicalRegister, QuantumCircuit

2 from numpy import pi
3
4 qreg_q = QuantumRegister(3, 'g") Result
5 creg c = ClassicalRegister(3, 'c')
& cireuit = QuantumCircuit(qrez q,
creg_c)
7 Histogram
8 circuit.h(qreg q[0]) 50
9 circuit.ex(greg_g[@], gqreg_q[1])
10 circuit.measure(qreg_al0], creg_c[el) e
. 11 circuit.measure(greg_q[1], creg_c[1]) g W
Statevector ® I o®
0.8 :g 20
ER
s oe % 0
£ 04 H 5
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0z
5
0 T T T T T
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Computational basis states

Shats

2000

Status: Time taken
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Basic Concepts

* Hybrid quantum-classical neural networks => implementing hidden Ilayers with
parameterized quantum circuits (circuits which rotation angles, for each gate, are
specified by the components of a classical input vector).

* One could calculate the gradient as the difference between the circuit evaluated at & + s
and ¥ — s, where ¥ represents the circuit parameters, and s is a macroscopic shift. Thus,
the circuit could be trained using gradient descent methods, such as backpropagation.




The classical neuron limitations

* Classical neurons are limited to linearly separable problems
* For linearly non-separable problems (e.g. XOR) one could use neural networks (e.g. MLP)

* Recent studies are discussing the capability of individual human neocortical pyramidal
neurons of classifying linearly non-separable inputs [7]

X Y XOR
0 0 0
0 1 1
1 0 1
1 1 0

MLP for XOR

|
.
/,,
v ><




Single qubit neural circuit for solving Exclusive-OR

* A particular parametrized gquantum circuit with two rotation gates was considered [8]:

RZ(61 * x1 + a), and RX(62 * x2 + a), where (x1, x2) is the input vector, (61, 82) are the “dendrites”
trainable weights, and a is also a trainable parameter.

* For XOR, one solution could be immediately observed on the Bloch Sphere: 8,=9,=nr, for a = -i/2

T°

0
Y
MARG -

cl

= >
—»—»
— 9_"

X1 X2 32qibmg gasm simulator 5q ibmagx2
0.0 0.0 0.0000 0.0585
0.0 1.0 1.0000 0.8805
1.0 0.0 1.0000 0.8875
1.0 1.0 0.0000 0.0585
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